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1 Introduction and Main Results
The purpose of this paper is to establish a partial regularity theory on cer-
tain homogeneous complex Monge-Ampere equations. As consequences of this
new theory, we prove the uniqueness of extremal Ka¨hler metrics and give an
necessary condition for existence of extremal Ka¨hler metrics.
Following [5], we call a Ka¨hler metric extremal if the complex gradient of its
scalar curvature is a holomorphic vector field. In particular, any Ka¨hler metric
with constant scalar curvature is extremal, conversely, if the underlying Ka¨hler
manifold has no holomorphic vector fields, then an extremal Ka¨hler metric is of
constant scalar curvature. Our first result is
Theorem 1.1. Let (M, [ω]) be a compact Ka¨hler manifold with a Ka¨hler class
[ω] ∈ H2(M,R) ∩ H1,1(M,C). Then there is at most one extremal Ka¨hler
metric with Ka¨hler class [ω] modulo holomorphic transformations, that is, if ω1
and ω2 are extremal Ka¨hler metrics with the same Ka¨hler class, then there is a
holomorphic transformation σ such that σ∗ω1 = ω2.
The problem of uniqueness of extremal Ka¨hler metrics has a long history.
The uniqueness of Ka¨hler-Einstein metrics was pointed out by Calabi in early
50’s in the case of non-positive scalar curvature. In [2], Bando and Mabuchi
proved that the uniqueness of Ka¨hler-Einstein metric in the case of positive
scalar curvature. Following a suggestion of Donaldson, the first author proved in
[6] the uniqueness of Ka¨hler metrics with constant scalar curvature in any Ka¨hler
class which admits a Ka¨hler metric with non-positive scalar curvature. In [10],
S. Donaldson proved the uniqueness of constant scalar curvature Ka¨hler met-
rics with rational Ka¨hler class on any projective manifolds (which are Ka¨hler)
without non-trivial holomorphic vector fields.1
The existence of extremal metrics remains open in general cases. One dif-
ficulty is due to the fact the associated equation is fully non-linear and of 4th
∗Both authors are supported by NSF research grants and the second author is also sup-
ported partially by a Simons fund
1After we finished proving our uniqueness theorem, we learned that T. Mabuchi extended
S. Donaldson’s arguements to any extremal Ka¨hler metrics with rational coefficients on any
projective manifolds and proved their uniqueness in those special cases.
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order. The case of Ka¨hler-Einstein metrics has been well understood (see [20],
[1], [16]).
As another consequence of our regularity theory, we will give an necessary
condition on existence of Ka¨hler metrics with constant scalar curvature in terms
of the K-energy. In [12], Mabuchi introduced the following functional Eω as
follows: For any ϕ with ωϕ = ω + ∂∂ϕ > 0, define
Eω(ϕ) = −
∫ 1
0
∫
M
ϕ˙(s(ωϕt)− µ)ωnϕt ∧ dt,
where ωϕt is any path of Ka¨hler metrics joining ω and ωϕ, s(ωϕt) denotes the
scalar curvature and µ is its average. It turns out that µ is determined by the
first Chern class c1(M) and the Ka¨hler class [ω].
Theorem 1.2. Let M be a compact Ka¨hler manifold with a constant scalar
curvature Ka¨hler metric ω. Then Eω(ϕ) ≥ 0 for any ϕ with ωϕ > 0.
This theorem was proved for Ka¨hler-Einstein metrics in [2] (also see [16]) and
in [6] for Ka¨hler manifolds with non-positive first Chern class. This theorem can
be also generalized to arbitrary extremal Ka¨hler metrics by using the modified
K-energy. This theorem gives a partial answer to a conjecture of the second
author: M has a constant scalar curvature Ka¨hler metric in a given Ka¨hler class
[ω] if and only if the K-energy is proper in a suitable sense on the space of Ka¨hler
metrics with the fixed Ka¨hler class [ω]. We will further discuss applications
of our method here to this problem on properness in a forthcoming paper.
Combining Theorem 1.2 with results in [17] and [18], we can deduce
Corollary 1.3. Let (M,L) be a polarized algebraic manifold, that is, M is
algebraic and L is a positive line bundle. If there is a constant scalar curvature
Ka¨hler metric with Ka¨hler class equal to c1(L). Then (M,L) is asymptotically
K-semistable or CM-semistable in the sense of [16] (also see [17]) 2.
The proof of these two theorems is based on studying certain homogenous
Complex Monge-Ampere equations. Deep works have been done on these equa-
tions (cf. [15], [8], [6]). They are related to the geodesic equation on the space
of Ka¨hler metrics with L2-metric.
Let M be a compact Ka¨hler manifold with a fixed Ka¨hler metric ω and Σ
be a Riemann surface with boundary ∂Σ. Consider
(pi∗2ω + ∂∂φ)
n+1 = 0 on Σ×M, φ|∂Σ×M = ψ, (1.1)
where pi2 : Σ ×M → M is the projection and φ is a function on Σ ×M such
that φ(z, ·) ∈ Hω for any z ∈ Σ, and ψ is a given function on ∂Σ×M such that
ψ(z, · ∈ H. Here Hω denotes the space of Ka¨hler potentials
Hω = {ϕ ∈ C∞(M,R) | ωϕ = ω + ∂∂ϕ > 0, onM}. (1.2)
2According to [18], the CM-stability (semistability) is equivalent to the K-stability
(semistability).
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The proof of Theorem 1.1 and 1.2 starts with the following observations:
Given two functions ϕ0 and ϕ1 in Hω, if there is a bounded smooth solution φ
of (1.1) on [0, 1]×R×M , then evaluation function f = E(φ(z, ·)) is a bounded
subharmonic function which is constant along each boundary component of
[0, 1]×R, 3 furthermore, if ϕ0 is a critical metric of E, then it follows from the
Maximum principle that E(ϕ1) ≥ E(ϕ0) and equality holds if and only if each
φ(z, ·) is a critical metric of E. The infinite strip [0, 1]×R can be approximated
by discs ΣR = [0, 1]×[−R,R] (R→∞). Hence, if we can show that the equation
(1.1) has a uniformly bounded solution for each ΣR
4, then Theorem 1.1 and 1.2
follow.
However, it is an extremely difficult problem to solve degenerate complex
Monge-Ampere equations. Higher regularity was obtained by L. Cafferali, J.
Kohn, L. Nirenberg and J. Spruck in 80’s for nondegenerate complex Monge-
Ampere equations under certain convexity assumptions. Weak solutions for
homogenous complex Monge Ampere equations, say in Lp or W 1,p-norms, were
extensively studied (cf. [3]). In [6], the first named author proved the following
theorem, which plays a fundamental role in this paper.
Theorem 1.4. ([6]) For any smooth map ψ : ∂Σ → H, (1.1) always has a
unique C1,1-solution φ on Σ ×M such that φ = ψ along ∂Σ. 5 Moreover, the
C1,1 bound of φ depends only on the C2 bound of ψ.
Our new technical contribution is to establish partial regularity of solutions
from the above theorem in the case of Σ being a disc. Precisely, we prove
Theorem 1.5. Let Σ be a holomorphic disc. For a generic boundary map
ψ : ∂Σ → Hω, there exists a unique C1,1 solution φ of (1.1) with the following
properties: There is an open and dense subset Rφ ⊂ Σ×M such that
1. Rφ is open and dense in Σ×M, and the varying volume form ωnφ(z,·) ex-
tends to a continuous function on Σ0×M , where Σ0 = (Σ\∂Σ). Moreover,
it is positive in Rφ and vanishes identically on its complement;
2. The distribution Dφ(cf. equation (1.5)) extends to a continuous distribu-
tion in a open saturated6 set V˜ ⊂ Σ ×M , such that the complement Sφ
of V˜φ is locally extendable7 and φ is C1 continuous on V˜. The set Sφ is
referred as the singular set of φ.
3. The leaf vector field ∂
∂z
+ v of Dφ is uniformly bounded in V˜φ.
3This follows from the convexity of the K-energy E
4ΣR has four corners, but we can easily smooth corners to get a smooth Riemann surface
of disc type and with boundary and use smoothed ones to approximate the given infinite strip.
5It is not known if φ(z, ·) lies in H, but the first author proved that φ(z, ·) is always the
limit of functions in H.
6Any maximal extension of the leaf vector field lies completely inside V˜φ.
7A closed subset S ⊂ Σ×M of measure 0 is locally extendable if for any continuous function
in Σ×M which is C1,1 on Σ×M \ S can be extended to a C1,1 function on Σ×M . Notice
that any set of codimension 2 or higher is automatically locally extendable.
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We will call the solution in the above theorem an almost smooth solution.
The partial regularity in Theorem 1.5 is sharp since we do have examples where
the solution for (1.1) is singular. It seems to be the first time to use singular
foliations systematically to study partial regularity for homogeneous complex
Monge-Ampere equations. Now let us explain briefly how this theorem is proved.
It has been known for long that solutions of homogeneous complex Monge-
Ampere equations are closely related to foliations by holomorphic curves (cf.
[11], [15], [9]). In [15], S. Semmes formulated the Dirichlet problem for (1.1)
in terms of a foliation by holomorphic curves with boundary in a totally real
submanifold in the complex cotangent bundle of the underlying manifold. Let us
first recall Semmes’ construction. We associate a hyperKa¨hler manifoldW[ω] to
each Ka¨hler class [ω]: Let {Ui} be a covering of M such that ω|Ui =
√−1∂∂ρi,
we identify (x, vi) ∈ T ∗Ui with (y, vj) ∈ T ∗Uj if x = y ∈ Ui ∩ Uj and vi =
vj+∂(ρi−ρj), thenW[ω] consists of all these equivalence classes of [x, vi]. There
is an natural map pi : W[ω] 7→ T ∗M , assigning (x, vi) ∈ T ∗Ui to (x, vi − ∂ρi).
Then the complex structure on T ∗M pulls back to a complex structure onW[ω]
and there is also a canonical holomorphic 2-form Ω on W[ω], in terms of local
coordinates zα, ξα (α = 1, · · · , n) of T ∗Ui,
Ω = dzα ∧ dξα.
Now for any ϕ ∈ H[ω], we can associate a complex submanifold Λϕ in W[ω]: For
any open subset U on which ω can be written as
√−1∂∂ρ, we define Λϕ|U = to
be the graph of ∂(ρ+ ϕ). Clearly, this Λϕ is independent of the choice of U . A
straightforward computation shows
Ω|Λϕ = −
√−1ωϕ, (1.3)
that is, Re(Ω)|Λϕ = 0 and −Im(Ω)|Λϕ = ωϕ > 0. This means that Λϕ is an
exact Lagrangian symplectic submanifold ofW[ω] with respect to Ω. Conversely,
given an exact Lagrangian symplectic submanifold Λ of W[ω], we can construct
a smooth function ϕ such that Λ = Λϕ. Hence, Ka¨hler metrics with Ka¨hler
class [ω] are in one-to-one correspondence with exact Lagrangian symplectic
subamnifolds in W[ω].
Let ψ be a smooth function on ∂Σ ×M such that ψ(τ, ·) ∈ H[ω] for any
τ ∈ ∂Σ. Define
Λψ = {(τ, v) ∈ ∂Σ×W[ω] | v ∈ Λψ(τ,·) }. (1.4)
One can show that Λψ is a totally real submanifold in Σ ×W[ω]. Now let us
recall a result from [15] and [9].
Proposition 1.6. Assume that Σ is simply connected. There is a solution φ of
(1.1) if and only if there is a smooth family of holomorphic maps hx : Σ 7→ W[ω]
parametrized by x ∈M satisfying: (1) pi(hx(z0)) = x, where z0 is a given point
in Σ\∂Σ; (2) hx(τ) ∈ Λψ(τ,·) for each τ ∈ ∂Σ and x ∈M ; (3) For each z ∈ Σ,
the map γz(x) = pi(hx(z)) is a diffeomorphism of M .
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For the readers’ convenience, let us explain briefly its proof. Let φ be a
solution of (1.1) on Σ ×M such that φ(z, ·) ∈ H for any z ∈ Σ. Define Dφ ⊂
T (Σ×M) by
Dφ = { ∂
∂z
+v ∈ T(z,p)(Σ×M) | i ∂
∂z
+v(pi
∗
2ω+∂∂φ) = 0 }, (z, p) ∈ Σ×M. (1.5)
Then D is a holomorphic integrable distribution. If Σ is simply-connected and
φ(z, ·) ∈ H for each z ∈ Σ, then the leaf of D containing (z0, x) is the graph of
a holomorphic map fx : Σ 7→ M with fx(z0) = x. If we write fx(z) = σz(x)
we get a family of diffeomorphisms σz of M with σz0 = IdM . Now for any
fixed z we have a Ka¨hler form ω +
√−1∂∂φ(z, ·) on M and hence a section
sz : M 7→ W[ω] whose image is an exact Lagrangian symplectic graph Λφ(z,·).
Then hx(z) = γz(x) = sz(fx(z)) as required. This process can be reversed.
In [9], S. Donaldson used this fact to study deformation of smooth solutions
for (1.1) when the boundary value varies. Theorem 1.5 is proved by establishing
existence of foliations by holomorphic disks with relatively mild singularity, more
precisely, we will show that for a generic boundary value, there is an open set in
the moduli space of holomorphic discs which generates a foliation on Σ×M\S
for a closed subset S of codimension at least one.
Now let us fix a generic boundary value ψ and study the corresponding
moduli Mψ of holomorphic discs. First it follows from the Index theorem that
the expected dimension of this moduli is 2n. Recall that a holomorphic disc
u is regular if the linearized ∂-operator ∂u has vanishing cokernel. The mod-
uli space is smooth near a regular holomorphic disc. Following [9], we call
u super-regular if there is a basis s1, · · · , s2n of the kernel of ∂u such that
dpi(s1)(x), · · · , dpi(s2n)(x) span Tu(x)M for every x ∈ Σ, where pi :W[ω] 7→M is
the natural projection. We call u almost super-regular if dpi(s1)(x), · · · , dpi(s2n)(x)
span Tu(x)M for every x ∈ Σ\∂Σ. Clearly, the set of super-regular discs is open.
One of our crucial observations is that Semmes’ arguments can be made
local along super-regular holomorphic discs.
Theorem 1.7. For a generic boundary value ψ, an almost smooth solution of
(1.1) corresponds to a nearly smooth foliation which can be described as follows:
There is an open subset Uψ ⊂ Mψ of super-regular discs such that the images
of these discs in Σ×M give rise to a foliation on an open-dense set of Σ×M
such that
1. this foliation can be extended to be a continuous foliation by holomorphic
discs in an open set V˜φ0 ⊂ Σ0×M such that it admits a continuous lifting
in Σ×WM ;
2. the complement of V˜φ0 in Σ0 ×M is locally extendable.
3. The leaf vector (cf. equation 1.5) induced by the foliation in Vφ0 is uni-
formly bounded.
We can prove that these locally constructed solution are actually compatible
to each other if their domains overlap. If the set of super regular discs is M ,
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then these locally constructed solutions give rise to a smooth solution to (1.1).
In general, one gets only a solution to (1.1) in (Σ ×M) \ S with appropriate
boundary condition on (∂Σ ×M) \ S. We can apply the Maximum Principle
along super-regular leaves to get a uniform C1,1-bound φ on (Σ×M) \ S. This
uniform C1,1-bound can be used to get a solution by patching together local
solutions to (1.1) along super-regular leaves.
Theorem 1.5 will follow from the following
Theorem 1.8. For a generic boundary value ψ, there is a nearly smooth folia-
tion generated by an open set of the corresponding moduli spaceMψ. Definition
of nearly smooth foliation is already given in the statement of Theorem 1.7.
Now we outline the proof of Theorem 1.8. Let ψ be a generic boundary value
such thatMψ is smooth. This follows from a result of Oh [13] on transversality.
By a similar (but different) transversality argument, one can show that there is
a generic path ψt (0 ≤ t ≤ 1) such that ψ0 = 0 and ψ1 = ψ and the total moduli
space M˜ = ⋃t∈[0,1]Mψt is smooth, moreover, we may assume that Mψt are
smooth for all t except finitely many t1, · · · , tN where the moduli space may
have isolated singularities. It follows from Semmes and Donaldson (1.6) that
M0 has at least one component which gives a foliation for Σ×M . We want to
show that this component will deform to a component of Mψ which generates
a nearly smooth foliation. We will use the continuity method. Assume that φ
is the unique C1,1-solution of (1.1) with boundary value ψt for some t ∈ [0, 1].
Let f be any holomorphic disc in the component of Mψt which generates the
corresponding foliation.
Lemma 1.9. There is a uniform upper bound on area of f , where the area is
with respect to the induced metric on W[ω] by dzdz¯ on Σ and ω on M .
Proof. First we observe
Areaf(Σ) ≤ C√−1
∫
Σ
f∗(dz ∧ dz¯ + ω), (1.6)
where C is a constant depending only on C1,1-norm of φ. By direct computations
using (1.1), we have ∂∂φ(z, f(z)) = −f∗ω. Then, integrating by parts, we can
bound the area of f in terms of the area of Σ and the C1,1-bound of φ.
By Gromov’s compactness theorem, any sequence of holomorphic discs with
uniformly bounded area has a subsequence which converges to a holomorphic
disc together with finitely many bubbles. These bubbles which occur in the
interior are holomorphic spheres, while bubbles in the boundary might be holo-
morphic spheres or discs. We will show that no bubbles can actually occur.
For a fixed totally real submanifold, holomorphic bubbles can not occur in
the boundary since boundaries of discs lie in a fixed totally real submanifold.
If a sequence of totally real submanifolds converges to a given totally real sub-
manifold, there are two limiting processes, one concerns how fast the bubbles
form and move to the boundaries of discs, while the other is about how fast the
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sequence of totally real submanifolds approaches to the limiting submanifold.
The uniform C1,1 bound on φ can be used to show that the two limiting pro-
cesses are exchangeable. Consequently, one can show that there are no bubbles
along boundary.
We can also rule out bubbles in the interior of discs. Heuristically speaking,
an interior bubble corresponds to a holomorphic map from S2 into the target
manifold H. According to E. Calabi and X. Chen [7], this infinite dimensional
space H is non-positively curved in the sense of Alexanderov, consequently,
there are no non-trivial holomorphic spheres in H[ω]! This heuristical argument
implies that there are no interior bubbles. Indeed, there is a rigorous proof for
this fact. The proof is much more involved and will be presented elsewhere.
Since there are no bubbles arised either in the boundary or interior of the
disc Σ, the Fredholm index of holomorphic discs is invariant in limiting process.
This is an important fact needed in our doing deformation theory.
In order to get a nearly smooth foliation, we need to prove that the mod-
uli space has an open set of super-regular holomorphic discs for each t. First
we observe that the set of super-regular discs is open. Moreover, using the
transversality arguments, one can show that for a generic path ψt, the closure
of all super-regular discs in each Mψt is either empty or forms an irreducible
component. It implies the openness. It remains to proving that each moduli
has at least one super-regular disc. It is done by using capacity estimate which
we explain briefly in the following.
Consider the bundle E = pi∗2TM over Σ×M . Each almost smooth solution φ
of (1.1) induces an Hermitian metric on E|Rφ , where Rφ was defined in Theorem
1.5. If f is a super-regular disc, then E pulls back to an Hermitian bundle over
Σ with fiber Tf(z)M and metric ωφ(z,·)(f(z)) over z ∈ Σ. It turns out that the
curvature of this Hermitian bundle is non-positive. This fact plays a crucial role
in our work. More precisely, we have
Lemma 1.10. Let φ be a solution of (1.1) and f be a super-regular holomorphic
disc as above, then the curvature form F of the metric gφ described above is given
by
gφ(F (u), v) = −gφ(u(∂zf), v(∂zf)) u, v ∈ TM.
In particular, the curvature is non-positive. Moreover, the foliation is holomor-
phic along f if and only if the curvature vanishes.
The determinant ∧nE restricts to an Hermitian line bundle over any given
super-regular disc. The corresponding Hermitian metric, denoted by f∗ωnφ , at
z is ωnφ(z,·)(f(z)). An immediate corollary of above lemma is that the curvature
of this line bundle is non-positive 8. Moreover, there are constants C1, C2 which
depend only on the background metric ω such that
∆
(
log
f∗ωnφ
f∗ωn
+ C1ϕ
)
≥ 0, (1.7)
8This fact was first proved by S. K. Donaldson and X. X. Chen independently (via different
methods) while both of them were visiting at Stanford University.
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and
∆
(
log
f∗ωnϕ
f∗ωn
+ C2ϕ
)
≤ −tr(F ), (1.8)
where ∆ denotes the standard Laplacian operator on Σ and ϕ(z) = φ(z, f(z)).
It follows that log
f∗ωnφ
f∗ωn
+ C1ϕ is subharmonic and uniformly bounded on the
boundary ∂Σ. The C1,1-estimate in [6] implies that this function is uniformly
bounded from above. Moreover, the difference of two functions log
f∗ωnφ
f∗ωn
+ C1ϕ
and log
f∗ωnφ
f∗ωn
+ C2ϕ is uniformly bounded. In addition, we have
−∆tr(F ) ≥ 2
n
(−tr(F ))2 (1.9)
for some positive constant c. Following [14] and [4], one can use this differ-
ential inequality to derive an interior estimate on tr(F ) (details will appear
elsewhere). Applying this estimate on tr(F ) to the above equations, we can
derive an Harnack-type inequality
f∗ωnφ
f∗ωn
in the interior of Σ.
Now let us introduce the notion of Capacity for super-regular holomorphic
discs:
Definition 1.11. For any super-regular disc f in an moduli space Mψ, we
define its capacity by
Cap(f) =
√−1
2
∫
Σ
f∗ωn
f∗ωnφ
dz ∧ dz¯.
Using the Harnack-type inequality mentioned above, one can control the
lower bound of
f∗ωnφ
f∗ωn
in the interior of σ in terms of upper bound of the capacity
of f . This has an important corollary for compactness of super-regular discs
with uniformly bounded capacity.
Theorem 1.12. Let fi be any sequence of super-regular discs in Mψti which
converges smoothly to an embedded disc f∞ in Mψt∞ . If the capacities Cap(fi)
are uniformly bounded, then the limiting disc f∞ is also super-regular.
In fact, Lemma 1.10 was already needed when we extended Semmes’ cor-
respondence to almost smooth solutions of (1.1) and nearly smooth foliations.
For this local extension, we first construct smooth solutions of (1.1) along super-
regular leaves and then glue them together to a solution φ on an open and dense
subset Vgood ⊂ Σ ×M , but we need to establish C1,1-bound of φ. Once this
bound is established, the maximum principle implies that φ coincides with the
solution in [6]. The C1,1-bound of φ follows from the following
Theorem 1.13. For any global holomorphic section s : Σ → E, the norm of s
with respect to gφ achieves its maximum value at the boundary of the disc.
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